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2 BELIEF PROPAGATION EQUATIONS

The goal of those lecture notes is to introduce an efficient implementation of the Belief
Propagation (BP) equations, called relaxed Belief Propagation (rBP). We are going to see that
rBP can efficiently compute the marginals in the binary teacher-student perceptron model.
Moreover it can be employed as an algorithm able to infer the teacher if the size of the dataset
is sufficiently large.

Finally we introduce an even more efficient implementation of rBP called Approximate
Message Passing (AMP) algorithm, that is formerly known in the statistical physics literature as
the Thouless-Anderson-Palmer (TAP) equations, from the names of the people that introduced
it.

1 Factor Graph representation

Before writing down the BP equations for our perceptron models, we need to derive its factor
graph representation. Recall that in our perceptron models we had a dataset D composed of

P inputs with the corresponding label D = {g“, y“}izl. In the teacher student setting, for
example, the labels y* are generated by

N
1 Z
i=1

We are given the posterior distribution P(w|D)
12 N
P(wIP) = o gp(yu|hu)gp(wi) )

where [ | u P(y,lh,) and [ I; P(w;) represent respectively the (factorized) likelihood and prior
of the student; we have also defined h,, to be the preactivation of the student

1

What is the factor graph representation corresponding to this model? We have N variable
nodes, corresponding to the weights w; and P associated constraints to satisfy. As can be seen
from the definition of the variable hu’ each constraint y has an impact on each variable node i,
so each of those “pattern” factor nodes must be connected to each variable node. Moreover, for
each of the N variable nodes we have a “prior” factor P(w;). The factor graph representation
corresponding to this graphical model is given in Fig. 1.

In the following we will consider generic likelihood and prior distributions for our student
model. Only later on we will specialize the analysis to the standard binary perceptron model
that we have analyzed previously with the replica method; in that case we have a prior and a
likelihood of the form

P(w,;) = %5(wi 1)+ %5(Wi +1) (4a)

P(y,lh,) =0 (y,h,) . (4b)

2 Belief Propagation equations

We now want to write the Belief Propagation (BP) equations for the factor graph of Fig. 1.
Note that this is quite a dense graph, and contains many short loops. Despite each variable
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pattern factor nodes

prior factor nodes

Figure 1: Teacher-student problem: Factor graph representation of the perceptron
models. Each variable node is connected to each “pattern” factor node enforcing
that. Each variable node is connected to a single variable factor node that gives the
prior for that variable. Here N =5 and P = 4.

node enters in in all interaction nodes, the individual contribution of a variable is negligible
in the large system size as it is of order 1/+/N. We can write right away the Belief Propagation
equations corresponding to the posterior distribution (2)

1

m;, (w;) = Z_—HP(Wi) l_[ i (w;) (5a)
= v#u

. 1 1

My, i(w;) = E. J !;[dwj !;[mj—m(wj)P (}’Mﬁ ZW@?) (5b)

At the present stage, the previous equations are, however, computationally intractable since
each factor node enforcing a pattern constraint involves N variables; the second of the BP
equations requires the computation of N — 1 integrals (sums if the weights are binary). When
N is large, however, we can considerably simplify the previous equations, as we will see in the
next section.

3 Relaxed Belief Propagation equations

Let’s start analyzing the second of the BP equations (5). We start by isolating the variables of
integration from w;

() = fl_[dwf l_[mj—’N(WJ)P(yul‘/iNWig‘ik"‘/LNZWJ'%A> 6)

V4 . L v
U=t J# J#I J#i

When N is large, due to the central limit theorem we expect the variable hf = «/LN > i#i Wi 3 5‘
to be Gaussian distributed. When N is sufficiently large, therefore, we expect only the mean
and the variance of the messages to be relevant. This key observation will allow us to write
the BP equations that can be efficiently solved numerically.



3.1 The Central Limit theorem comes to tBe B&AXED BELIEF PROPAGATION EQUATIONS

3.1 The Central Limit theorem comes to the rescue

As we have anticipated, since N is large we can apply the central limit theorem to the quantity
hf = \/l_ﬁ Z]. £ W jéj? . Equivalently, we can derive the resulting expression by introducing a
delta function that enforces the definition of this variable and using its Fourier representation

, 1 ( dndh 1 b
myi(wi) = . ?P (yu|\/_ﬁwi§i +h) e
le_[dwf l_[quu(wj)e—iﬁ%ﬁzj#wjﬁjf 7
J# J#

writing the last term as a product of j # i, and Taylor expanding the exponential

f l_[dwj l_[mj_,“(wj)e_iil%w Di#wik) = l_[ [j dw; mjﬁu(wj)e_iil%ﬁ“’ﬁ?]

j# j# e (8)
R [ (R )
j#i VN N

Recalling that the messages m;_,,(w;) are properly normalized probability distributions we
can proceed by integrating term by term and re-exponentiating we have

f [ [aw;]] M (wy)e 7w i) o TR A 9
j#i j#i
where
_ 1 i
M, = \/_Nzgj ajy (10a)
J#
Cll'_)u = f dWl' ml‘_,“(Wl‘)Wi (10b)
1
Jj#i
by = J dw;m;_,,(w;) W? — al.z_,M (10d)

Plugging back (9) into (7) we have

A ) )
1ty (i) = L | dhdhy, (yuliwiiﬁ‘ + h) eth (=M )~"5 Viey
T

Zsi 2 VN an
=1 DhP( |iw M, + 4V h)
- '%,u,—>i .yp, \/N 1> 1—u 1—u

where in the last equality we have integrated over h and performed a change of variable in
order to recover the standard Gaussian measure over the variable v. Note that we have written
the message 1i,,_,;(w;) only in terms of the mean and variance of the probability distribution
of the messages m;_,,(w;) with j # i. This allowed us to significantly reduce the complexity
of the second BP equation, that now requires the computation of one Gaussian integral only!
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3.2 The energetic channel

The next step is to notice that the argument of the likelihood contains a small term of O (;—ﬁ)
We can Taylor expand it up to second order

. 1
mu_,l'(Wi) < J th (yulﬁwigi +Mi—>,u, + ‘/l'—>/.,L h)
[ DRy, P(yulMiy+ /Vieuh)
thP(yHIMi_,M+ l—wh)
[Dha2 P(yulMHM+ l—wh)

i—u

[ DhP (y, My, + /Viouh)

1
+ EW?@?)z

notice that the zeroth order term f DhP ( YulMis, + 4/ Vis, h) does not depend on w;, so we
can absorb it into the proportionality constant. We conveniently introduce the two quantities

B g [ Dhdy, P (yulMioy + /Vimh) (13a)
—i = )
K \/_ thP (J’M|Mi—>u + l—’,u h)

(&2 [phdd | P(yulMiy + Vi)

A .= —B2 . (13b)
U—1 u—i
N thP(yM|MHH+ l—wh)
which can be compactly written in terms of just one function
DhoyP(yIM++/Vh
[ DhP(yIM+VVh)
as
gli
B,u—>i = ng(y,u: i—u» 1—>,u,) (15a)
(&7)?
A,u—>i == N 9 H“gE(.y,u: i—u> z—>,u) (15b)

The quantity gz(y, M, V) is called “energetic channel” as it depends on the likelihood of the
model. We can therefore write equation (12) as

-\2

1 w2 _l(w__h) A
A 2 A, +B,iw; 2\WiTa, ; u—i
My, i(w;) o< 1+w;B, *i_EWi(Au i u J=e A HBusiWi oc e i (16)

where in the second equality we have written the previous expression in terms of an expo-
. . . 1 . . .
nential, since B,_,; is of order Wi and A,,_,; is of order 1/N. We finally can retrieve the
normalization constant
B,—i \2
A,u—>ie ;(W _/#) Ay

i 17
o u (17)

ﬁlu—)i(wi) =

3.3 The entropic channel

We can now plug the second message passing equation back into the first one, see equation (5a)
to get

. A ()
mi-’u(wi) = _P(Wl) l_[ mv—)i(Wi) x P(Wi)e e (18)
i—p VU
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where
2By
v D vl
R, =" (19a)
o Zv;éMAv—d
1
Y= (19b)
o Zv;épAv—)i
(19¢)
From those identities we can close the message passing equations
_(Wi*RHu)Z
fdwi P(w)w;e Zion
al'_>u = dWl' mi_,‘u(Wi) w; = (203)
_(viRiow)
f dw; P(w;)e  Ziu
wi RHu)2
[dw; P(w)w?e i )
o (Wi_RiHM)z - ai_)u (ZOb)
f dw;P(w;)e  Zi-w
The previous equations can be compactly written in terms of an “entropic channel”
(w—R)?
fde(W)we_ )3
gS (R, 2) = (W*R)z (21)
f dwP(w)e =
as
aQisy = gS(Ri—>M) Zi—)p,) (22a)
bi—>u = Z:i—>u aRi_)MgS(Ri—»w Zi—)u) (22b)

The name “entropic” descends from the fact that (21) depends only on the prior distribution
of the weights.

3.4 The relaxed Belief Propagation algorithm

The self-consistent equations for the mean Aisy and the variance bi_,u of the message distribu-
tion m;_,,(w;) that we have derived so far constitute what is called the relaxed Belief Propaga-
tion algorithm. A compact pseudo-code summarizing its fundamental steps is reported below.
Note that the rBP algorithm needs to store in memory order NP o< N2 variables, correspond-
ing to total number of messages living on the links of the factor graph. It is important to note
that the algorithm can be run on a generic dataset instance, both when the labels are gener-
ated by a teacher network and when they are drawn completely at random, as in the storage
setting.

Once convergence is reached for the messages Ay, and bi_,u, we can use them to estimate
the site marginals. This can be done first by computing

Zu Bu—n'

Ri=og— (23a)
ZMA;Hi
1
T = _ (23b)
ZMAM—’i
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and then

a; = (w;) = gs(R;, 2) (24a)
by = (w?) — (w;)* = 5, 0p 8s(R1, &) (24b)

having denoted with the brackets (o) the average over the posterior distribution.

Algorithm 1: relaxed Belief Propagation (rBP)

t= o t=0 , _
Input: random guess for a;= and bl_w, t=1

while a;_,, and b;_,, have not converged do
update M;_,, and Vi, via (10a) (10c)

l—w Wiva Z 55‘ Jt—’lﬂ (25a)
J#l
A Z(é”)zbjju (25b)

update Ausi and B, i via (15a) (15b)

. @&y ,
Ay Ome, 8V M Vi) (26a)
u

t t
B, i< 1/—gE(yM, M., Vis,) (26b)

update R;_,, and %;_,, via (19a) (19b)

Z Bt—)'
Ri—»u #H—tvl (27a)
Zv#uAv—)l
1
Z?_) S (27b)
o Zv;éuAtv—n
update Ay and bi_,u via (22a) (22b)
bf_ﬂ‘ l_’u 8Rt gs(Rl_)“, l—>u) (28b)
t—t+1
end
Return: one site marginals:
2 Buosi
= o a (29a)
ZMAAHI'
1
L= —— (29b)
I
a; = gs(R;, %) (29¢0)
b; =%; 0 gs(R;, ;) (29d)
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3.4.1 Binary Perceptron

The rBP algorithm is quite general, as it permits to handle generic prior and likelihood dis-
tributions that appear respectively in the definitions of the entropic and energetic channels.
In the particular case of the binary perceptron, the entropic and energetic channels can be
explicitly computed analytically. Indeed, inserting (4) inside the definition of the entropic and
energetic channels we have

(w—R)%
fde(w)we_ 2% R
gs(R,2) = e tanh (E) (30a)

f dwP(w)e™ =

_ [ PhoyP(yIM+Vh) y[Dh&(yM++vVh) y ¢ yM
8 Y = P (M4 vV R) | Dhe (yM + V) - o (-5 cov

where GH(x) = G(x)/H(x), with G(x) = e=**/2/y/27 and H(x) = %Erfc(%).

Another simplification that occurs in the binary case is that the entire algorithm can be
expressed in terms of averages over the distribution of messages, since wl.2 = 1. Indeed from
equation (10d) we see that
=1—a? (31)

b; o
As the entropic channel gg depends on the ratio of its arguments R;_,, and %;_,, only, the
variable A,_,; is not playing any role and needs not to be computed anymore. The argument

in the entropic channel in (30a) is called local cavity field and reads

R

hi—ﬂuEZ

i—u 1
=D Bh = 2 E o ML ). G2)

=0 gty vEU

We show below the rBP algorithm specialized to the binary perceptron.
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Algorithm 2: relaxed Belief Propagation (rBP), binary perceptron

Input: random guess for af_)%, t=1

while Ay, has not converged do
update M;_,, and V;_,,
Z gu J—>u (33a)
J#l
Vi< Z(E”)2 [1- (a7, )] (33b)
update the local cavity field h;_,,,
l—>H Wi Z g gE(yV’ l—w’ 1—>v) (34)
V#u
update a;_,, via (22a)
af_)u « tanh (hf_)u) (35)
t—t+1

end
Return: one site marginals via the computation of the local field h

1
h; = ‘/—Nggf 8e(Vus My Viny) (36a)
a; = tanh(h;) (36b)

3.5 Inferring the teacher

As we saw before, when convergence of the rBP messages is reached, we can compute the (w;),
i.e the average over the posterior distribution for weight w;, by evaluating a;. These quantities
provide estimates of the teacher’s weights, as we now explain. It is important to emphasize,
however, that in general the estimates a; assume continuous values in the interval [—1, 1], and
are not always binary 1 variables like the true teacher weights. This is because a; represents
an average over the posterior distribution; if the posterior is peaked around multiple binary
weights, the corresponding average of w; will not be binary.

A natural way to assess the quality of the inference is through the overlap with the teacher

weights, i.e.
— 1 N T, —
= E w;a; = E W w; (37)

The corresponding generalization error can be computed by €, = %arccos r. Inferring the
teacher therefore is equivalent to obtaining r = 1 from the rBP equations. We show the gen-
eralization error found by rBP as a function of a in Figure 2. As expected from the replica
formalism, for a < a7 it is impossible to infer the teacher. Indeed in this regime we learned
that there exists an exponential number of weights w # w that correctly classify the labeled
data.

In the regime a > a;t the inference of the teacher becomes information theoretically pos-
sible. However rBP is able to recover the teacher only for @ > a,r. In the region a;r < o < a,p
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Figure 2: Binary perceptron, teacher-student case. Generalization error of the re-
laxed Belief Propagation algorithm as a function of a (light blue dots). For each value
of a we have solved an instance of the problem, using N = 4000. In red we show
also the generalization error of a typical student sampled from the posterior distri-
bution as obtained from the replica method. For a < a; inference is impossible, as
there are exponentially many configurations fitting the training set together with the
teacher. When a;r < a < aur despite inference becomes information theoretically
possible, rBP gets stuck in poor generalizing fixed points. For a > a,p rBP is able to
correctly infer the teacher.

rBP is stuck into a “metastable“ poor generalizing fixed point. In this window of a the problem
of inferring the teacher is hard on average for rBP. At present no polynomial-time algorithm is
known that is able to infer the teacher in a;r < a < axr.

3.6 Bridging with replicas: State Evolution

The agreement between a single instance of rBP and the replica results is by no means a
coincidence. Similar agreement can be obtained in the storage case; in Fig. 3 we show the
overlap between two students sampled from the posterior distribution. This can be estimated

using rBP by
N N
D= 2w’ (38)
i=1 i=1

The (small) deviations from the prediction of the replica theory are due finite size (i.e. N)
effects.

This agreement can be justified rigorously in the large N limit. A nice property of the rBP
equations, is indeed that its dynamical behavior can be analytically tracked in the large N
limit via a set of equations called density or state evolution. As we are going to see, these are
equivalent to the Replica-Symmetric saddle point equations that we have obtained through
the replica method.

qn =

Z|=
Z|=

10
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Figure 3: Binary perceptron, storage case. Overlap between students sampled
from the posterior distribution estimated by the rBP algorithm using equation (38)
(light blue dots). For each value of a we have solved an instance of the problem,
using N = 4000. In red we show also the corresponding prediction using the replica
method.

We restrict here for simplicity to the binary perceptron case in the storage setting, where
the label is totally uncorrelated to the input. An analogous analysis can be performed in the
teacher student scenario, and generic prior/likelihood distributions, but it is a little bit more
involved. Our goal is to write self-consistent equations for the average overlap gy in the large

N limit
_ 1 2| _ 1 2
q—Eg[ﬁzi:ai]—Eg[ﬁzi:tanh (hi)] (39)
having used the explicit expression of the entropic channel in the binary case. For each i, h;
is the sum of P uncorrelated random variables. In the large N limit h; therefore converges
to a Gaussian random variable. All we have to do is to compute its mean and variance with
respect to the input distribution 5? . In order to do that, notice that for each variable i, the
energetic channel gr only contains terms depending on 5? with j # i. We therefore obtain
that the mean vanishes and the variance is given by

1 1
2 __ E 2,2 _ E : 2
Eghl - Eg N (gl;’«) gE(.y‘u:Mi—qu ‘4_—)“)] —Eg |:N gE(yu7Mi—>u: Vl—m) . (40)
u 2

Now we use the fact that M;

iy and V;

u from their very definitions in (10a) and (10c) are

11
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quite close to their corresponding non-cavity quantities, i.e. respectively to M,, and V,,

N
1
l—>H = 2 j Ajopy — 57 Ay =M +O(m) s (41a)
1N“2b Lemyp,, =v,+0( 2 1b
Vieu NZ&) jau—ﬁ(ii) jou=VutO( 5 |- (41b)
Discarding such small factors effectively tells us that IEghi2 is independent of the index i
A 1
§=Eghi = Eq [ﬁzgﬁ(waqu)] (42)
u

Therefore equation (39) can be written as

q= J Dh tanh? (\/ah) (43)

In order to close the equations we have to perform the average in equation (42) examining
the variables M,,, V,,. Let’s start from M,,. From its definition M,, is a sum over uncorrelated
random variables; in the large N limit it is therefore expected to converge, thanks to the central
limit theorem, to a Gaussian variable with mean zero and variance

1
2 _ 2
EgMH—IEg N E a,, (44)
J

j—u 18

independent of 57 , as it only depends on E}’ with v # u. Next we use the fact that the message

having exploited the fact that the average over 65{ can be performed explicitly, since a

a;_,,, is close, when N is large to a;, i.e. a;_,, =a; + O (\%ﬁ), so that

1
]EngleEg[ﬁZaiz]=q (45)

i

Concerning V,, we only need its mean, as its variance is vanishingly small in the large N limit

N
1 3 1 S

i=1 i

Therefore equation (42) can be written as

2
q=aJng§(y,ﬁx,1—q)=ifDx [GH(\ Lx)] (47)
1—q 1—q

Equations (43) and (47) describe the average evolution of the rBP algorithm. Note that those
expressions exactly coincide with the Replica Symmetric saddle point equations obtained with
the replica method. This way of deriving the results obtained by the replica method, using the
BP equations is what is called in statistical physics as the cavity method.

12
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Figure 4: Left: Binary perceptron, teacher student setting. Generalization error
found by the rBP+reinforcement algorithm. Both for small @ and large a (where the
teacher is the only solution) finding solutions is easy. In the interval a,; < aa,r find-
ing solutions is hard on average. Here a,; ~ 1.1. Right: Binary perceptron, storage
setting. Overlap between students sampled from the posterior distribution estimated
by the rBP algorithm using equation (38) (light blue dots). When this quantity is not
near 1, it means that the one site marginals a; are far from being binary variables;
however their sign is a solution to the problem. Above the SAT/UNSAT transition
a > a. ~ 0.833 finding solutions is impossible as they cease to exist. For a < a,, the
algorithm finds solutions in polynomial time. When a,j; < a < a, (with a,, >~ 0.77)
an exponential number of solutions exists but the algorithm is not able to find them.
In both panels we have used N = 4000 and fixed 6r = 10~°. In red we have also
shown the corresponding prediction using the replica method.

4 Reinforcement

So far, we have only focused on estimating the mean and variance of the marginals of w; over
the posterior distribution; only in the teacher-student setting were we able (in the large data
regime) to extract actual binary configurations that match the teacher weights.

But what if we are simply interested in finding a solution to the learning problem, without
requiring it to coincide with the teacher? A simple method to extract solutions from the relaxed
Belief Propagation (rBP) algorithm is called reinforcement, which can be interpreted as a form
of smooth decimation. The idea is to gradually encourage the system to commit to a certain
configuration by “reinforcing” the local fields.

Concretely, at each iteration we add an inertia term to the cavity local field in equation (34),
proportional to the local field computed at the previous step:

1 —13,t—1
i = JN %giy gy, M, VE ) +r T R (48)

The parameter '~ is the reinforcement term, which is updated incrementally:
rt=rt=145r,. (49)

Over time, the marginals become increasingly polarized, allowing us to extract a candidate
solution by simply taking the sign of the marginals:

w; = sign(a;), . (50)

The pseudo-code is reported below.

13
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Algorithm 3: relaxed Belief Propagation + reinforcement, binary perceptron

t=0 , _ 1 .t=0 _
Input: random guess for a;~ S t=1L1r7"=0, or

while w; = sign(a;) is not a solution do
update M;_,, and V;_,,

1
Mit—>,u — J_NZ#: g7 ]t_}“ (513)
J#
Vi< Z#:(E“)Z[ — (a5 (51b)
j#i

update the local cavity field h;_,,,

he,, —Zé g (¥ ML, VE, ) + it (52)
V#u

update a;_,, via (22a) and q;

al_, —tanh(hC ) (53)
update the local field h;
t _ 3t - t
hy =hi,, + 1/_5 gV M, VE,) (54a)
a; = tanh(h;) (54b)
update reinforcement
rte—rt7t+5r (55)

t—t+1
end

Return: solution w; = signaq;

In the left panel of Figure 4 we show the generalization error of the solutions found by
rBP+reinforcement. We see that the algorithm is able to find solutions up to a ~ a,, ~ 1.1.
The corresponding generalization error is better than typical solutions (i.e. those extracted
with the flat measure over all possible solutions). In the region a,, < a < a,r the problem
is on average hard to solve for rBP+reinforcement. Above a,r, rBP+reinforcement infers the
teacher as rBP

Similar conclusions can be drawn in the storage setting (right panel of Figure 4). The
main difference with the teacher-student case is that above the SAT/UNSAT transition it is
impossible to find solutions as they do not exist. In the region a,, < @ < a. with a,, >~ 0.77
the algorithm is not able to find solutions in polynomial time, as the optimization becomes
hard on average.

5 Approximate Message Passing

From the computational perspective, the rBP algorithm needs to store in memory order N2
variables corresponding to the messages living on the links of the factor graph. The goal of
this section is introduce an even more efficient algorithm, called Approximate Message Passing

14
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(AMP), that needs to store only order N variables.

The key observation that will allow this simplification, is noticing (again!) that each inter-
action in our fully connected factor graph give a small, order O (‘%ﬁ) contribution. Therefore,
each of the message in the rBP algorithm is very close the corresponding one-site messages.
For example, as argued before

1
t _ agt_ U t—1
M, =M, N i a;, (56a)
1 _ 1
Vi, =V~ &b, =V, +0 (ﬁ) (56b)

Our goal is therefore to rewrite the rBP equations only in terms of the site marginals. As we
will see, in order to get those equations, we only need to get the correction to g;_,,, but not on
b;_,, > 0, since the last one will not contribute to the large N limit.

Inserting (56) into (26) and keeping terms up to order O (]l\,), we have

(5”)2 (5“)2
s‘f g (5“)2 )
B,Z—>i = \/_IN gE(yM’ Mit_>ua l_’l-L) ~ ﬁ gE(y,u’ Vl-f) N f—)paM gE(.yM’ M‘,_L’V )
(57b)
u
~ =L gp(y,, My, Vi) + af Al
m Ii’ u—i

Note that in the last step we have used that at first order a;_,, ~ a;; we are allowed to use this
approximation since the the second term is already of order 1/N. Using those equations we
can write the expressions of R; and %; as

1 (&) -
D S [ Z N —0m: 8 (Y M Vuf):| (58a)
w u—>l u

i t—1 pt ]
t_ Zu u—i ZHI: /N gE(yu) V)+Cl AH—” o th p , t
Ri= ~ = a7+ e gy, ML V)
i Z At Z t i m m i SE\Ju» w

pu—i HAM—’i
(58b)

In order to close the equations we need to get the small correction of g;_,, to a;, so that we
can write the update equations for the M,, and V,, in terms of a; and b; only. In order to do
that we need to compute the small correction of R;_,, to R;; from the previous equation one
gets
1 1
=, = =% (59a)
o Zv;éu Z Av—n '
t t t
¢ _ Zv;équ—n Z Bv—n _B,u—n t B,u—)l ¢
R, = — = — ~R, — =R} — ZlB“_)l (59b)
Zv;éuAv—n Z Av—n _Au—n Z Av—n

Note that, since A,_,; is already a O(I%) quantity, we can safely approximate %;_,,, with its
corresponding one site quantity X;. Then, we insert the relations (59) into (28) we have

HN—gS(RHH, fﬁ“)z gs(R;, %) — ZIB;ﬂaRIgS(RL,z)_a ,Hbf (60a)
by =T,k 8s(RiL, TiL,) = T ke 8s(Ri,,, T) > b; (60b)

i—u i-u
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5 APPROXIMATE MESSAGE PASSING

so that (notice that here is the only part where time indexes are different!)
= ]%Z(gj.‘)zbjju ~ Z(«sg‘)zb;—l (612)
fZE;‘ R DA WA SLD

= —N Zgﬁ-‘a;—l -5 ;(5?)%;—1 gy MLV

:_Zgu t 1_Vth(y,u:Mli_17V;_l)

Algorithm 4: Approximate Message Passing (AMP)
Input: random guess for a!=°, b!=° and gE(yM,MfO, Vi=0) ~ N(0,1)

while a; and b; have converged do
update M, and Vv, via (61b) (62a)

1 _
Ve - Z(gf)%; 1 (62a)
<__Zg“ v gp(y MLV (62b)

update 3; and R; via (58a) (58b)

-1

1 U2
o e N Z(ii) Ot 85(Yyu> M, V) (63a)
u
%t
t t—1 i uw t t
Ri—ap "+ 5 ; & 8V, M, V) (63b)

update estimation of the site marginals

a; < gs(R;, %}) (64a)
b % dp 8s(R;, T}) (64b)

end
Return: site marginals: a;, b;.

16



	Factor Graph representation
	Belief Propagation equations
	Relaxed Belief Propagation equations
	The Central Limit theorem comes to the rescue
	The energetic channel
	The entropic channel
	The relaxed Belief Propagation algorithm
	Binary Perceptron

	Inferring the teacher
	Bridging with replicas: State Evolution

	Reinforcement
	Approximate Message Passing

